This paper studies the trajectory optimization problem of a single cellular-enabled unmanned aerial vehicle (UAV), taking into account the outage performance of the entire trajectory. To provide realtime control, it is critical for UAV to maintain reliable connectivity with the ground base station (GBS). We first consider the connectivity outage performance, which is defined as the sum of the time duration of the outage performance not meeting a predefined threshold during the entire UAV mission. Then we formulate a trajectory optimization problem to minimize the mission completion time, while ensuring a sum constraint of the connectivity outage performance. We show that the connectivity outage constraint can be transformed into a flying area constraint. Since the formulated problem is NP-hard, a low-complexity method is proposed to solve the problem by finding the shortest path in an undirected weighted graph with enlarged GBS coverage. Simulation results demonstrate the superiority of the proposed scheme over other state-of-the-art schemes, in terms of trajectory length and computational complexity.
I. INTRODUCTION
Unmanned aerial vehicles (UAVs) have recently gained wide popularity in various transportation and sensing applications [1] . For example, the UAVs can be used for package delivery or act as a mobile data collector to gather the information from the sink nodes [2] . To support many use cases of UAVs in beyond visual line-of-sight (LOS) scenarios, 3GPP has approved the study item [3] on enhancing the existing cellular networks for UAVs (i.e., cellular-enabled UAVs). In this case, the wireless communication between UAVs and ground base station (GBS) plays a critical role in the control and safety of the UAV system [4] .
To support safety-critical control, the trajectory design of cellular-enabled UAVs should consider the following aspects. First, maintaining reliable wireless connectivity between UAVs and GBS is one the key objectives as discussed in 3GPP [5] . Recent studies have shown that the outage capacity of air-to-ground links is less than that of air-to-air links due to longer average link length [6] . However, it still requires further investigation on trajectory design considering an underlying cellular network and its impact on outage performance [7] . Second, since carrying sensors or package The associate editor coordinating the review of this manuscript and approving it for publication was Wei Wang . can significantly reduce the battery life, the flight duration of the existing UAV systems is at most from 10 to 20 minutes [8] . Given the limited flight duration, the flight efficiency of UAVs requires careful consideration.
In the literature, the UAV trajectory design has been studied for various wireless systems, such as UAV-enabled mobile networks [9] - [12] , privacy-preserving communications [13] - [18] , UAV-assisted mobile edge computing [19] - [21] , and UAV-assisted sensor networks [22] , [23] . Similar to this work, the authors in [24] , [25] have studied the trajectory design problem for cellular-enabled UAVs aiming to minimize the mission completion time. Since the coverage area of multiple GBSs commonly becomes an irregular polygon, it is a challenging task to find the optimal UAV trajectory. In [24] , the authors proposed a graph theory based method to find the shortest trajectory based on the Dijkstra algorithm. The authors in [25] further considered the problem of finding the shortest path during which the UAV can maintain its cellular connection more than a given time constraint. Such constraint is critical for the safety functionalities of UAV systems, such as exchanging remote control commands. However, the impact of different altitudes of GBS on the coverage area has not been considered in these works, which assume that all the GBS are located at the same altitude. Moreover, these works considered only the path loss and ignored the VOLUME 8, 2020 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ fading characteristics of the wireless channel. To the best of our knowledge, we are the first to incorporate the outage constraint in Rayleigh fading environment into the UAV trajectory design problem. In this paper, we consider the UAV trajectory design problem in which, given a start and an end point, our goal is to minimize the mission completion time by finding the optimal UAV trajectory subject to the connectivity outage constraint. The connectivity outage is defined as the time duration of the outage performance not meeting a predefined threshold during the entire UAV mission. By introducing the connectivity outage constraint, the outage performance of aerial channel and the connectivity performance of the entire trajectory can be guaranteed simultaneously. This is a new design framework that needs to jointly consider the trajectory length and the distance from the serving GBS. It must be pointed out that we focus on the downlink transmission (i.e., ground-to-air mode) as in [24] , [25] , which is critical for the UAV to receive the control packets from the GBS. Also, here we do not consider the uplink transmission (i.e., air-to-ground mode) and the power control of UAVs.
Intuitively, to minimize the mission completion time, the UAV should fly straight to the end point. However, it is almost impossible that the UAV is covered by at least one GBS during the whole trajectory, especially in rural areas where drone delivery is highly desired. Thus, the communication-aware trajectory design needs to find an optimal balance between the link reliability and trajectory length. The contributions of this paper are multi-fold:
• We formulate a trajectory optimization problem with the connectivity outage constraint. Then, we show that the connectivity outage constraint can be transformed into a flying area constraint which can be viewed as the maximum allowable distance between the UAV and its associated GBS. Hence, the formulated problem is a generalization of the trajectory design problem with zero outage constraint. We prove that the formulated problem is NP-hard by a reduction from the obstacle-removing shortest path problem.
• We analyze the formulated problem in a simple case with three GBSs. By hypothetically extending the coverage area of some GBSs, we show that the intersection point of the coverage boundaries is the key to obtaining the optimal trajectory. Based on this observation, we characterize the optimal tradeoff between link reliability and trajectory length.
• We propose a greedy algorithm to get an approximate optimal solution by finding the shortest path in an undirected weighted graph with enlarged GBS coverage. Our results demonstrate that the proposed scheme can find an approximate optimal trajectory with low computational complexity. The rest of this paper is organized as follows. Section II reviews related works regarding the trajectory design of UAVs. The system model and problem formulation are described in Section III. In Section IV, we analyze the problem and prove its NP-hardness. In Section V, the optimal tradeoff between link reliability and trajectory length is provided and the greedy algorithm is proposed for designing the UAV trajectory. Simulation results are discussed and analyzed in Section VI. Finally, we conclude this paper in Section VII.
II. RELATED WORK
Recently, many research contributions in UAV trajectory optimization aim to find the optimal trajectory considering wireless communication performances. Existing works can be classified into two categories: UAV-assisted communications and cellular-enabled UAV communications.
A. UAV-ASSISTED COMMUNICATIONS
Since traditional GBSs suffer from limited coverage capabilities, UAV assisted-communications have received a significant amount of attention in recent years. In UAV assisted-communications, UAV can be used as flying base stations to extend the wireless coverage of the cellular networks. Due to the shortened communication distance, it is expected to achieve higher throughput and lower latency as compared to terrestrial communications.
In [26] , the authors designed the shortest trajectory for which the UAV transmits the file to multiple ground terminals. UAV is deployed to act data collector for prolonging the lifetime of energy-limited devices [2] . In [27] , the authors designed UAV trajectory for collecting all the information sent by ground nodes in the Rician fading channel. Another line of works consider deploying UAVs as flying base stations [9] , [10] , [28] - [30] . In [29] , a new design paradigm of jointly considered the UAV trajectory and the communication throughput was proposed based on machine learning. The work in [9] optimized the trajectories of multi-UAVs for maximizing throughput. Since the communication delay is directly affected by the distance between two neighbor UAVs, the authors of [10] proposed an UAV trajectory optimization method to reduce the delay in multi-UAV networks. Also, UAV can be utilized as a mobile relay to forward data [4] . The authors of [11] proposed an UAV mobile relaying technique which assists cellular networks to maximize throughput. The work in [31] proposed an iterative algorithm which maximizes the sum rate of UAV-served edge users by optimizing UAV trajectory. In [19] , the authors proposed to utilize UAVs to offload the data to the selected GBS. The UAV trajectory was designed to minimize the mission completion time. In [20] , the UAV-based mobile cloud computing system was deployed to provide offloading opportunities to mobile devices. The flight trajectory of a single UAV was designed, where the bit allocation and the energy consumption of UAVs were taken into account. The work in [21] studied a UAVaided mobile edge computing system to provide computation offloading services for ground users. To maximize the sum bits offloaded from all users, the authors jointly optimized user association, UAV trajectory, and transmission power of each user.
B. CELLULAR-ENABLED UAV COMMUNICATIONS
In cellular-enabled UAV communications, the UAV acts a user equipment (i.e., UAV-UE) which is served by the GBS [32] . In particular, integrating UAVs into cellular networks may cause uplink interference to neighbor GBS due to the increase of the probability of having LOS links with GBS. The authors of [33] investigated the performance of aerial radio connectivity considering the interference effects in a typical rural area. In [32] , a machine learning based power control and cell association method was proposed to reduce the communication delay between UAVs and GBS. Besides, the UAV transmissions are vulnerable to eavesdropping attack due to its dominant LOS propagation in broadcast channels [34] . Considering a potential eavesdropper on the ground, the authors of [35] proposed a low-complexity algorithm to jointly design the UAV trajectory and the transmit power. Other works considering security and privacy in UAV communication networks were presented in [13] - [17] . In [13] , the authors optimized the altitude of UAV to maximize the secrecy rate without eavesdropper location information. The authors of [14] considered the scenario where a UAV is operated to capture images while maintaining the privacy of the ground users. The flight trajectory was designed to minimize mission completion time with no privacy of sensitive area being violated. The work in [15] considered a covert communication problem in UAV networks. To hide the wireless transmission between UAVs, the authors jointly optimized the UAV transmit power and flight trajectory. The authors in [16] proposed a privacy protection scheme for location data in the Internet of drones. In [17] , a machine learning based attack in UAV-based wireless networks was investigated.
Since the flight time of UAV is limited by the battery, some research works have been proposed for minimizing UAV mission completion time by optimizing its trajectory. Given a start point and an end point, the authors of [24] proposed a graph method which utilizes the Dijkstra algorithm to find the shortest path while ensuring that it is always connected with at least one GBS. A similar problem is addressed in [25] , in which the UAV is allowed to lose connectivity with the GBS in a tolerable time. However, the works in [24] , [25] , [36] ignored the fading effect of the wireless channel, which is an essential feature in aerial communications. Also, only the LOS component between the UAV and the GBS was considered in these works. In this paper, we further consider both non-line-of-sight (NLOS) and LOS components in the channel model as in [37] . In essence, the radio propagation experienced by cellular-connected UAVs is affected by the relative altitude between the UAV and the GBS.
Compared to [24] , [25] , we further investigate the trajectory optimization problem by introducing a connectivity constraint which ensures the outage performance during the entire UAV mission. Then, a maximum allowable distance between the UAV and GBS is derived considering the altitude of UAV and GBS. We prove that the formulated problem is NP-hard and thus cannot be solved by classical deterministic shortest path algorithms (such as Dijkstra). Also, we show that the model considered in [24] is a special case of our problem.
III. SYSTEM MODEL AND PROBLEM FORMULATION
In this section, we describe the cellular-enabled UAV trajectory model and the channel model between UAV and GBS. Then, the problem on optimal trajectory of the UAV is mathematically formulated.
A. UAV TRAJECTORY MODEL
As shown in Fig. 1 , we consider a single UAV that moves within an area consisting of M GBSs. We assume that the GBSs are allocated with orthogonal spectrum and thus there is no interference to the GBS-UAV communications. We refer to M = {1, . . . , M } as the set of GBSs. The UAV is designated to fly from a predetermined start point u 0 = (x 0 , y 0 , h U ) to an end point u F = (x F , y F , h U ) with constant speed V max at a fixed altitude h U . We denote g m = (a m , b m , h m ) as the coordinate of the mth GBS in a three-dimensional coordinate system, where h m represents the altitude of the mth GBS. Assume that the UAV altitude is higher than that of every GBS, i.e., h U > h m , m ∈ M. The time-varying coordinate of the UAV is denoted as u t = (x t , y t , h U ), t ∈ [0, T ], where T is mission completion time depending on the trajectory length.
Denote S as the total number of the flight direction changes in a mission. Let u s be the point at which the UAV changes the sth direction. Also, we have u 0 = u(0) = u 0 and u S = u(T ) = u F , where u S represents the UAV's arrival at the end point. Thus, the UAV trajectory can be expressed as a sequence of points P = {u 0 , . . . , u S }. The mission completion time can be expressed as
The distance between the UAV and the mth GBS at time instant t is given by
where · denotes the Euclidean norm operation. Let Pw denote the transmit power of GBS, and β 0 denote the channel power gain at the reference distance d 0 = 1 m. We define
σ 2 as the reference signal-to-noise ratio (SNR) at 1 m, where σ 2 is the additive white Gaussian noise (AWGN) power. The maximum received SNR γ t of the UAV at time t can be expressed as [38] 
where PL m (t) is the path loss between UAV and the mth GBS at time t and |h m (t)| 2 is the channel gain between the mth GBS and UAV at time t, i.e.,
where ρ 2 is an exponential random variable with unit mean accounting for the small-scale Rayleigh fading. The wireless channel between GBSs and UAV can be parameterized by two cases: LOS and NLOS cases. Therefore, PL m (t) can be written as PL m (t) = P LOS,m (t) × PL LOS,m (t) (5) where P LOS,m and P NLOS,m are the LOS and NLOS probabilities of the aerial communication channel, respectively. The LOS probability can be expressed as [39] 
where a and b are constant values which depend on the environment and θ m,t is the elevation angle in degrees. We can express θ m,t as
).
Naturally, we have P NLOS,m = 1 − P LOS,m . The path loss for LOS and NLOS links between the UAV and the mth GBS is given by
where α LOS and α NLOS are the path loss exponents for the LOS and NLOS links, respectively. Note that we assume Rayleigh fading for both LOS and NLOS links [40] .
C. DEFINITIONS OF PERFORMANCE METRICS
We are particularly interested in the optimal UAV trajectory with respect to the following performance metrics.
1) OUTAGE PROBABILITY
Outage probability defines the probability that the instantaneous received SNR of UAV is below a threshold. In principle, the distance between the UAV and the GBS affects the outage performance. At time t, the outage probability P out (t) of the terrestrial-aerial communication link is defined as
where γ th is an SNR threshold. Also, we assume that the UAV is associated with the GBS based on the maximum received signal strength criterion, i.e., λ t = γ 0 × max m∈M PL m (t). Based on this, the path loss depends on the distance between the UAV and the GBS. As a result, P out (t) varies with the UAV's locations. Here, we consider a communication link is reliable if its outage probability is smaller than a predefined value ε out , i.e.,
Note that the value of ε out can be determined by the desired quality of service.
2) CONNECTIVITY OUTAGE RATIO
A connectivity area A c is defined as all the possible UAV points with reliable connectivity, i.e., u t satisfies (10). Otherwise, u t is in the outage area, denoted as A o . Then, for a given trajectory P, we define the sets of points such that the UAV flies from A c to A o and from A o to A c as
Assume that u 0 and u F are in the connectivity area A c . We define the connectivity outage of P as the sum of subtrajectory length with points in the outage area, i.e.,
The total trajectory length can be calculated as
Then, the ratio of connectivity outage R P can be expressed as To satisfy the reliability requirement during the entire UAV mission, R P should be guaranteed no larger than a given threshold R th .
D. PROBLEM FORMULATION
Our objective in this paper is to minimize the mission completion time by optimizing the trajectory P = {u s } s∈{0,...,S} . The optimization problem is formulated as follows
The inequality constraint (16b) ensures that the ratio of connectivity outage R P is no larger than a predefined threshold R th . This constraint guarantees that the UAV maintains enough connectivity during the entire UAV mission. Furthermore, (16c) and (16d) guarantee that the UAV starts and ends at the requested locations. (16e) ensures that the UAV altitude is always higher than all the GBSs. (16f) guarantees the maximum UAV speed constraint. An example of the considered problem is shown in Fig. 2 , where the connectivity areas covered by GBSs are represented by circles. In the next section, we will demonstrate the NP-hardness of problem (16) .
IV. PROBLEM ANALYSIS
To solve the problem (16), we analyze the fundamentals based on graph transformation. Generally, the problem can be classified into two categories: (1) zero connectivity outage, i.e., UAV always connects with at least one GBS; (2) nonzero connectivity outage constraint, i.e., UAV is allowed to lose connectivity with the GBS in a tolerable time.
A. WITH ZERO CONNECTIVITY OUTAGE
In this case, we have R th = 0 in the constraint (16b). We adopt a graph method proposed in [24] to show how to calculate the optimal trajectory using the shortest path algorithm. First, 
The coordinates of GBS, the start point, and the end point are modeled as vertices. To simplify the analysis, we assume that UAV flies at a fixed altitude h U > h m . Also, the edge set E is given by
where d eff ,m is the maximum allowable distance of the mth GBS in order to satisfy the outage probability constraint (10) . The weight of each edge is expressed as
Note that u 0 − g m ≤ d eff ,m and u F − g m ≤ d eff ,m mean that both the start and end points are in the connectivity area. Besides, g m − g n ≤ 2d eff ,m means that the connectivity areas provided by the two GBSs are overlapped. To illustrate the graph construction, we give an example of four GBSs with different maximum allowable distances and its corresponding undirected graph as shown in Fig. 3(a) and Fig. 3(b) , respectively. Next, we derive the maximum allowable distance of GBSs. Theorem 1: Let α LOS = 2 and α NLOS = 4. Given outage probability threshold ε out and SNR threshold γ th , d eff ,m can be obtained as
Proof: The maximum allowable distance of GBS can be found by solving the implicit equation
From (9) and (10), we have
It follows from (3) that we have
Replacing PL LOS,m and PL NLOS,m by (8), we are able to derive (20) . The proof is completed.
By substituting (7) into (6), we have
where h diff ,m is the different between h U and h m . We note that P NLOS,m,t = 1 − P LOS,m,t with P LOS,m,t given in (6) . From (20) and (24), we can observe the relation between the GBS coverage (i.e., maximum allowable distance) and the GBS height. Therefore, the UAV trajectory design should take both h U and h m into account, which will be shown through simulation in Section VI. Based on the derived d eff ,m , the graph connectivity is obtained. Then, the UAV trajectory can be planned by finding the shortest path in graph G. Let the trajectory solved by the shortest path algorithm (e.g., Dijkstra) be denoted as P I = {u 0 , g I 1 , . . . , g I i , . . . , g I N , u F }, I i ∈ M, where g I i is the coordinate of GBS along the path. Clearly, this trajectory is not the optimal solution as the UAV is required to fly above each GBS g I i , i = 1, . . . , N .
An improved method based on intersection points is proposed in [24] . This method is called Q-method which is introduced below. Given two neighbor GBSs g I n and g I n+1 , since the shape of each GBS connectivity area is a circle, there exists two intersection points on the boundary, given by I n,n+1,1 , I n,n+1,2 . Without loss of generality, we here assume the maximum allowable distance of the two neighbor GBSs are approximately equal, i.e., d eff ,n ≈ d eff ,n+1 . Then, we obtain a subtended angle θ I n ,I n+1 formed by I n,n+1,1 , g I n and I n,n+1,2 , where θ I n ,I n+1 ∼ = 2 arccos ( g In −g I n+1 d eff ,n +d eff ,n+1 ). Let Q > 1 denote the number of quantization level for dividing θ I n ,I n +1 into Q − 1 equally spaced angle. We also define u I n ,I n+1 (q) as the qth point on the I n connectivity boundary, where q ∈ Q, Q = {1, 2, . . . , Q}. It can be expressed as
where φ I n ,I n+1 denotes the angle between line g I n g I n +1 and the x-axis. Intuitively, replacing the GBSs coordinates with these GBS connectivity boundary coordinates can help reduce the trajectory length since the UAV does not have to fly through every GBS on the path. Hence, the new graph
can be formulated by adding u I n ,I n+1 into (17) . The vertex set V Q and edge set E Q are given as
and
Similarly, the weight of each edge is given by
The improved trajectory can be computed by applying the shortest path algorithm in graph G Q . We note that a larger Q is more likely to obtain a shorter path as there are more diverse path candidates.
B. WITH NONZERO CONNECTIVITY OUTAGE CONSTRAINT
In this case, we consider that the UAV can fly to an outage area with a time period no larger than a non-zero threshold, i.e., R th > 0 in the constraint (16b). Theorem 2: For a given R th > 0, the problem (16) is NP-hard.
Proof: See Appendix. The work in [25] considered a similar problem but did not consider the effects of fading. A grid method based on dynamic programming was proposed in which an area is divided into N by M grid cells [41] . Then, dynamic programming is used to compute the optimal path within the entire grid. However, this method becomes infeasible when the area becomes large. To tackle this issue, we propose a graph based scheme to obtain the approximately optimal solution. This scheme is discussed in the next section.
V. PROPOSED TRAJECTORY DESIGN
In this section, we present our proposed intersection method based on enlarged coverage to solve problem (16) . First, we improve the method proposed in [24] to design the UAV trajectory with zero connectivity outage constraint. Secondly, we investigate the optimal tradeoff between connectivity outage and trajectory length. To deal with the NP-hard problem with nonzero connectivity outage constraint, we propose the intersection method based on enlarged coverage to obtain the approximately optimal solution. 
A. INTERSECTION METHOD
Consider a set of scattered points in the connectivity area of a GBS. Fig. 4 shows an example of 5 × 5 scattered points distributed in a square geometry. We assume that the UAV can only move between these scattered points. A trajectory can be formed by concatenating selected points with given start and end points. To avoid flying into the outage area, the UAV can only move to the nearest point in one of eight directions: north, north-east, east, south-east, south, southwest, west, and north-west. Then, we can use the shortest path algorithms to obtain the trajectory. Fig. 5 shows an example of a trajectory generated by the Dijkstra algorithm with dividing into 100 × 100 sub-squares in a GBS coverage. One can observe that this trajectory is not the shortest path. This is because the flight direction is limited. Moreover, we find that the intersection point (as indicated by the red circle) of two GBS coverage boundaries is the key to the design of optimal trajectory.
Next, we introduce our intersection method. We can calculate the intersection points between two neighbor GBSs for a given trajectory P I . The set of intersection points can be defined as where U n−1,n,1 and U n−1,n,2 denote the intersection points between the coverage boundaries of g I n−1 and g I n . We have U n−1,n,1 = U n−1,n,2 if there is only one intersection point between two neighbor GBSs. We define our graph
based on intersection points. The set of vertex can be expressed as
The principle of our intersection method is explained as follows. As illustrated in Fig. 6 , two GBS connectivity area each exists two points i and j. We define connectivity outage length L i,j as the trajectory length within the outage area in which the UAV flies straight from i to j. In this case, we consider the UAV can fly from node i to j only if L i,j = 0. Therefore, the set of edge can be expressed as The weight of each edge is given by
Based on the graph G o , we can use the Dijkstra algorithm to find the shortest trajectory P o . Next, we analyze the effectiveness of our proposed intersection method. First, we show that our method can find a trajectory with a small number of turning points where the UAV has to change its direction. Clearly, a path with more turning points tends to have a longer length. Hence, the shortest path algorithm will ignore paths with many turning points and will choose those paths with least turning points. Secondly, we show that each subtrajectory generated in our method is the shortest. Consider a subtrajectory connected by three turning points. As shown in Fig. 7 , assume that the UAV flies from point A to point C. Using our intersection method, the output trajectory will be {A, U a,b,2 , U b,c,2 , C}. In Fig. 8, consider triangle S l formed by A, U a,b,2 , and U b,c,2 . Extending AU a,b,2 and U a,b,2 U b,c,2 to any boundary that is VOLUME 8, 2020 parallel to AU b,c,2 in connectivity area, we can obtain point A h and U h and a triangle S h formed by U a,b,2 , A h , and U h . To find another subtrajectory shorter than {A, U a,b,2 , U b,c,2 }, we need to replace U a,b,2 in subtrajectory {A, U a,b,2 , U b,c,2 }. For example, we can choose a point which is closer to U b,c,2 to replace U a,b,2 . The resulting new subtrajectory is illustrated as the green line in the figure. However, this subtrajectory passes through the outage area. In fact, any point that is not in the triangle S h will yield a subtrajectory that passes through the outage area. On the other hand, the new subtrajectory will be longer than {A, U a,b,2 , U b,c,2 } if we replace U a,b,2 with a point that is in the triangle S h . The same property exists for {U a,b,2 , U b,c,2 , C}. Therefore, our method can find the shortest path in case of zero connectivity outage.
B. INTERSECTION METHOD BASED ON ENLARGED COVERAGE
We extend the intersection method to the problem with nonzero connectivity outage constraint. First, we analyze the tradeoff between connectivity outage ratio and trajectory length in a simplified case. As shown in Fig. 9 , consider an area consisting of three GBSs located at points A, B, and C. Each GBS has connectivity area of radius r A , r B , r C , respectively. Let AB = α, BC = β, and AC = γ . By using the above mentioned intersection method, we can find trajectory P 0 . However, there exists a shorter trajectory if the trajectory is allowed to pass through the outage area. To show this, we hypothetically enlarge r A and r C . By using the intersection method, we can obtain another trajectory P 1 which is shorter than P 0 .
With the enlarged coverage, the maximum allowable distance of GBS is given by
where ε is the enlarged coefficient. Consider the three-GBS scenario with enlarged connectivity area as shown in Fig. 9.  U A,B,1 and U A,B,2 are the intersection points between GBS A and GBS B. Also, U B,C,1 and U B,C,2 are the intersection points between GBS B and GBS C. The trajectory of enlarged method is {A, U A,B,2 , U A,B,2 , C} as green line in Fig. 9 . The subtrajectory length of AU A,B,2 and U B,C,2 C are r A + 10ε and r C + 10ε, respectively. To calculate the trajectory length U A,B,2 U B,C,2 , we define the following angles: τ = AU A,B,2 B, υ = BU B,C,2 C, and ω = ABC. Using the law of cosine, we have
). 
Then, we have The total trajectory length d P ε ,total and the connectivity outage length d P ε ,out can be expressed as
Based on (15) and (16b), the following inequality holds for any given R th
From Fig. 10 , we can observe the tradoff between the connectivity outage ratio and trajectory length. It is reasonable that the trajectory length decreases as the coverage range increases. This is because the increase of coverage range leads to more feasible subtrajectories. With the increase of ε, the gap of trajectory length for different coverage radius becomes smaller since the GBS with small coverage radius can find a shorter trajectory. On the other hand, if the initial connectivity area is large, the gain of hypothetically enlarging GBS coverage area is limited. Moreover, the connectivity outage ratio becomes large as ε increases due to the increased possibility of flying into the outage area.
Then, we have the following theorem regarding the proposed method.
Theorem 3: Our proposed intersection method based on enlarged coverage can achieve the optimal tradeoff in the three-GBS scenario as shown in Fig. 8 .
Proof: In Section V, we have proved that using intersection method can find the shortest trajectory in case of having zero connectivity outage constraint. For the case of having nonzero connectivity outage constraint, we adopt enlarged coverage to obtain a more connected graph. Such a new graph can be considered as having zero connectivity outage constraint with larger GBS coverage area. Note that the connectivity outage ratio will increase as the enlarged coefficient increases. Hence, by gradually increasing the enlarged coefficient, the optimal tradeoff such that R P = R th can be obtained.
Although we can find the optimal tradeoff solution in the simplified case, problem (16) is still an NP-hard problem in general. To this end, we propose a polynomial time algorithm to approximate the optimal trajectory. The proposed algorithm is presented in Algorithm 1.
Algorithm 1 Intersection Method Based on Enlarged Coverage Algorithm
Construct an undirected weighted graph G ε = (V ε , E ε ) according to (17) , (18) and (19) . 4: Obtain the shortest path from u 0 to u F in G ε via Dijkstra algorithm. Denote the selected GBSs as I ε = [g I 1,ε , g I 2,ε , . . . , g I i,ε , . . . , g I N ,ε ] , I i,ε ∈ M.
5:
Utilize the selected GBSs set I ε to construct an undirected weighted graph G o,ε = (V o,ε , E o,ε ) according to (30) , (31) , and (32).
6:
Obtain the shortest path from u 0 to u F in G o,ε via Dijkstra algorithm. Denote the trajectory and the ratio of outage connectivity as P ε and R ε , respectively. 7 :
ε ← ε + 1 10: if R P opt > R th then 11: P opt ← P ε−1 12: end if 13 : end while Given outage connectivity ratio threshold R th and GBS coordinates, our algorithm can obtain an approximate optimal trajectory P opt . First, we set ε = 0 and construct a graph G ε with the maximum allowable distance d eff ,m,ε based on (20) . Then, by using Dijkstra algorithm, we can find a trajectory in which the UAV passes through all the coordinates of a GBS set, denoted by I ε . After that, we construct a graph G o,ε by calculating the intersection points in set I ε to obtain the shortest trajectory P opt in G o,ε . From (15) , we can calculate the connectivity outage ratio R P opt . After each iteration, if R ε ≤ R TH , the value of enlarged coefficient ε will be increased. As ε increases, the maximum allowable distance increases, i.e, d eff < d eff . Therefore, by increasing ε, we can obtain a shorter trajectory but with a larger connectivity outage ratio, i.e., d total > d total and R < R . A graphical illustration of the relation is shown in Fig. 11 . Finally, we can find an approximate shortest trajectory. Now, we compare our method against state-of-the-art trajectory design methods proposed in [24] and [25] . The authors of [24] solve the problem in the case of zero connectivity outage constraint by using Dijkstra algorithm, which has time complexity O(M 4 Q 2 ), where M is the number of GBSs and Q is the number of additional vertices added to the graph. The authors of [25] consider the problem in the case [24] and [25] . of nonzero connectivity outage constraint and reformulate the problem by dividing the flight area into W × L grid (in meters). A dynamic programming algorithm is proposed, which has time complexity O(XWL), where X is a parameter for flight direction control. However, such grid-based method is not feasible in wide-area environments. On the other hand, the complexity of our proposed algorithm has two main contributors, namely the enlarged coefficient search and the Dijkstra algorithm. The proposed scheme involves two shortest path computation using Dijkstra algorithm during each iteration of the enlarged coefficient search. The first shortest path computation obtains an initial trajectory, which requires O(M 2 ) comparisons [42] . In the second shortest path computation, all the intersection points are included in the graph, resulting in 2 + 2M (M − 1) vertices in the worst case. Therefore, the total computational complexity of the proposed algorithm is O(
where N is the number of iterations conducted for searching ε. In case of zero connectivity outage constraint (i.e., ε = 0), we have N = 1. Therefore, the complexity of our algorithm is O(M 4 ), which is less than Q-method [24] .
VI. NUMERICAL RESULTS

A. SIMULATION SETUP
To evaluate the performance of the proposed method, we perform simulations for both cases with zero and nonzero connectivity outage constraints. In principle, our method can be applied to any type of UAV. To better highlight the simulations, the system parameters are selected based on the properties of rotary-wing UAV [43] , which is popular in package delivery and sensing applications. The limited flight time of the rotary-wing UAV is up to an hour, and the maximum speed is 30 m/s [44] , [45] . In addition, the flight altitude is limited to less than 130 m required by the existing UAV regulations [43] .
We assume that UAV flies within an area of size 1 km × 1 km, containing 24 GBSs. For the UAV channel model, we follow the urban macro (UMa) scenario suggested by the 3GPP [3] . For the case of zero connectivity outage constraint, we compare the performance of Q-method [24] in terms of trajectory length. In order to do a fair comparison, we assume that all the GBS have an equal size of connectivity area as in [24] . Note that we do not compare against the method described in [25] as it cannot scale to wide-area environments. In the case of having nonzero connectivity outage constraint, we further consider GBS with different sizes of connectivity area. Other simulation parameters are given in Table. 3.
B. PERFORMANCE COMPARISON
First, we compare the results in case of having zero connectivity outage constraint. Fig. 12 shows the UAV flight trajectory under two different GBS deployment scenarios. In this case, we set Q = 2 for Q-method and ε = 0 for the proposed method. For both GBS deployments, we can observe that our method can obtain a shorter trajectory with less complexity compared to Q-method. This is because that our method can avoid the unnecessary path segments containing intersection points.
In Fig. 13 , we compare the trajectory length performances of different methods with ε out = 0.13. Compared with Fig. 12 , we can observe that the trajectory length becomes shorter as ε out grows. This is because that the maximum allowable distance increases when ε out increases. Also, it is shown that the proposed method can find a shorter trajectory, regardless the value of ε out .
Here we show the results in case of having nonzero connectivity outage constraint. We assume that GBSs have different sizes of connectivity area and their altitudes are assumed to follow the uniform distribution, i.e., h m ∈ U [20, 40] . As shown in Fig. 14, the connectivity outage ratio increases as the enlarged coefficient increases. It is observed that the outage ratio with h U = 100 m is less than that with h U = 120 m. One reason for this is because the higher altitude of UAVs leads to a higher path loss. Note that it is reduced to the case of having zero connectivity outage constraint if ε = 0.
In Figs. 15 and 16 , we compare the UAV trajectory with different enlarged coefficients under h U = 100 m and 120 m, respectively. It shows that enlarging coverage area can shorten the trajectory, but paying the cost of increasing outage connectivity ratio. From Fig. 15 , we can observe that the trajectory length is decreased smoothly as ε increases. When h U = 120 m, we observe that the trajectories length drops significantly for ε = 1, 2, 3. It shows that the trajectory length can be significantly shortened if ε is increased. Besides, the trajectory length becomes shorter as the h U decreases from 120 m to 100 m. These results show how different altitudes affect the optimal decision of the enlarged coefficient. For the aerial communication channel, a high altitude leads to a high LOS probability but at the cost of higher path loss [46] . Hence, the connectivity area is related to the altitude of UAV. We also show the relationship between h diff and the GBS coverage in Fig. 17 . We can observe that the maximum allowable distance is achieved when h diff is around 70 m. These results can help a system designer fine tune parameters such as UAV altitude h U and enlarged coefficient ε to obtain the shortest trajectory. Figure 18 characterizes the performance of the proposed trajectory design method in terms of completion time, connectivity outage ratio, and average SNR over the entire flight duration. The connectivity outage ratio threshold is considered equal to 0.15 in our simulations. It is observed that the connectivity outage requirement can be achieved by adjusting the UAV altitude or enlarged coefficient. When h U = 120 m, only ε = 1, 2 can satisfy the connectivity outage requirement. In comparison, ε = 1, 2, 3, 4 can satisfy the connectivity outage requirement when h U = 100 m. However, all ε = 1, 2, 3, 4 cannot satisfy the connectivity outage requirement when h U = 50 m. Also, the UAV altitude and enlarged coefficient can be jointly designed to achieve the optimal performance. In this case, h U = 100 m and ε = 4 outperforms all the other combinations in terms of completion time under the connectivity outage requirement. Besides, we observe that the average SNR will not be affected by the increase of enlarged coefficient. The reason is that our method can limit the maximum distance between the UAV and GBS, as we can see from Figs. 15 and 16. This shows that our method is robust and the average performance is not sensitive to the exact choice of ε.
VII. CONCLUSION
This paper studied the trajectory design problem in a cellularenabled UAV system for maintaining reliable wireless connectivity with the ground base stations (GBSs). We have proposed a novel formulation of the trajectory optimization problem in which the connectivity outage ratio of the trajectory is constrained to be no larger than a predefined threshold. We have proved the formulated problem is NP-hard and revealed a tradeoff between trajectory length and connectivity outage ratio by using graph theory. By exploiting the observed structure, a low-complexity method was proposed to obtain an approximate optimal solution. Our numerical results validated the efficacy of the proposed method. In future work, the optimal techniques for 3D UAV trajectory design considering the inter-cell interference will be studied.
APPENDIX
In order to prove that problem (16) is NP-hard, we first introduce a known NP-hard decision problem: obstacle-removing shortest path problem (ORSPP) [47] . This problem generalizes a natural formulation in robot planning settings. In many robot applications, removing a few blockages during operation can greatly shorten the travel path. Hence, the model of ORSPP is useful in which a robot can adapt the environment to enable a better path.
In ORSPP, given a start point s at (x 1 , y 1 ) and an end point t at (x 2 , y 2 ), the objective of a path planner is to find the shortest path s − t in an environment with several removable obstacles. In particular, the path planner can make the path shorter by paying cost to remove some obstacles as illustrated in Fig. 19(a) . Formally, an ORSPP is defined as follows. Let K = {k 1 , k 2 , . . . , k n } be a set of n removable obstacles. Each obstacle k i can be removed by paying cost c i for i = 1, 2, . . . , n. We want to find the shortest path s − t whose cost is at most a given budget B.
Next, we show that ORSPP can be reduced to problem (16) within polynomial steps. Without loss of generality, we consider the 2D trajectory design in which the UAV flies at a constant altitude. The connectivity area can be considered as the feasible area, while the outage area can be viewed as the area with obstacles as shown in Fig. 19(a) . For a given trajectory P, we define the cost c i as the subtrajectory length with points in the outage area, i.e.,
where y i ∈ Y and z i ∈ Z are defined as (11) and (12) . Since y i and z i are fixed depending on the locations and the coverage radius of all the GBSs, we can decide appropriate c i for a given GBS deployment scenario. Then, the cost budget can be transformed to the constraint of the trajectory length within the outage area, i.e.,
In this way, we have transformed ORSPP to problem (16) . Given that ORSPP is NP-hard, problem (16) must also be NP-hard.
